The birth/death process with mutation describes the evolution of a population, and displays rich dynamics including clustering and fluctuations. We discuss an analytical 'field-theoretical' approach to the birth/death process, using a simple dimensional analysis argument to describe evolution as a 'Super-Brownian Motion' in the infinite population limit. The field theory technique provides corrections to this for large but finite population, and an exact description at arbitrary population size.
means that evolution as we define it has d c = 2. 106 
The model

107
We consider N (t) individuals at time t, and each individual has a discrete type 108 x ∈ Z d , which it retains during its lifetime. 
114
• Birth attempt: A parent individual (with type x) is selected at random,
115
and an offspring is created with type x and mutated with probability p m .
116
A mutation involves x changing by ±1 in a randomly chosen direction.
117
• Killing attempt: A randomly chosen individual is removed.
118
This definition differs from the case of a birth/death process with diffusion shown, though see [1] ). We wish to understand how the clustering depends on 125 dimensionality, both qualitatively and quantitatively.
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Genotype position x   0   100   200   300   400   500 population n(x,t) t=1000 t=40000 (diffusion t=1000) Figure 1 : Sample distribution for N = 10000 individuals starting at 0 and evolving in a 1-dimensional type space. For early time, (black line) the distribution behaves similarly to diffusion, but once the peak has become 'large', it begins to move around, and can split up into a number of clusters (as shown by grey line). The distribution for N = 10000 diffusing particles [1] is also shown (a normal like distribution centred at zero, dotted line) at early time; the width increases as √ t.
Field theory approach to obtain a Stochastic
127
PDE
128
Doi's process of second quantisation [12] is used to obtain a Field Theory from in [4] , and a detailed background can be obtained from [13] . 
Outline of the method
132
We outline the method for obtaining a field theory from a Master Equation of
133 the form dP ({n}, t)/dt = f ({n}). Here P ({n}, t) is the probability distribution 134 of the state {n} = {n 1 , · · · , n i , · · · , n L }, where L is the size of the type space 135 and n i is the population size of a given type i. We now follow the procedure of second quantisation of a Master Equation,
providing explicit details only for the one-dimensional case for readability. The starting point is the master equation for the Evolution process as defined above.
The equation for the change in the probability distribution p({n}) over all sites
, in notation enumerating only sites different from {n} for brevity, is: 
The 
On multiplication of Eq. (2) by the state |{n} , summation over all states {n},
182
performing the relabelling and using the creation and annihilation operators,
183
we find:
Or we can write this in (quasi)Hamiltonian form, using the notation |{φ} = 185 {n} p({n}; t)|{n} :
with the Hamiltonian:
This completes the mapping to second-quantised form. 
expressed in terms of final time t f , and the average initial occupancy n 0 . The
200
Action is related to the expectation of an observable A by:
We have introduced a normalisation factor N and the path integral notation for our case of neutral evolution from Eq. (9) we have:
or in the continuum limit:
We have introduced the Diffusion Constant as is easily checked using the methods from Section 2.6. Therefore it is useful 215 to perform a field shiftφ → φ + 1 to obtain a neater Hamiltonian:
The variable we are working with here, φ, does not correspond directly to the 217 real density we measure, although the expectation value for the two is the same.
218
The density [14] isφφ = ρ, which can be obtained directly by definingφ = eρ,
219
and φ = ρe −ρ ; ρ is a real valued field. This allows us to obtain an explicit 220 equation for the density; however, the exponentials must be considered as their 221 sum expansion, and in our case they do not cancel. We will later be able to show 222 that the higher order terms are progressively less important when the population 223 is large. Writing the less important terms within sums, the Hamiltonian for the 224 real density for evolution in a type space is therefore:
We will use two different Hamiltonians in the following analysis, H(φ, φ) for the 226 complex field, and H(ρ,ρ) for the real density field. Note that the over-line φ 227 notation refers to variables in the shifted field, not an average. Gaussian, uncorrelated noise ‡ with unit variance such that η(x, t), η(
2 /2 / √ 2π, then the Fourier transform of this † Note that this is the reverse of the standard method to obtain a field theory from a stochastic PDE representation [15] , and is simple to do in practice.
‡ Many authors prefer to incorporate the variance and correlations into the noise, defining correlators η(x, t), η(x ′ , t ′ ) that absorb all noise terms and their cross-correlations, which is the appropriate form for further calculations. For clarity, we instead keep the noises simple and retain the explicit magnitudes, but must be careful to combine the noise terms for calculations.
Therefore, by writing q = √ 2πk:
We can equate q with (a convenient form of) the field φ at a particular point 242 (x, t). For example the final term in Eq. (14) is of the form −aφ 2 φ (and H
243
appears with an additional − sign), so we can identify q = φ √ −aφ and the 244 term translates with noise to φ √ 2aφη, where η is Gaussian uncorrelated noise.
245
In this sense, the field exp(−φ 2 ) represents the 'integrated out' form of the noise.
246
We proceed to calculate the linearised version of the noise for the above 247 problems, with terms appearing in the formalism as exp(−H 
Noise terms normally cannot be decomposed without consideration of cross- 
Since the noise terms appear as exp(−H), so are the opposite sign to how they 263 appear in H, they transform as follows:
Eq. as the ρ field is constructed to be strictly real. Also, we will later need the 269 linearised form for the φ 2 φ term:
The above fields can be simply described. Eq. (20) 
This is positive definite since p m ≤ 1. We therefore impose the extra constraint 285 that ρ(x + 1, t) + ρ(x − 1, t) > ▽ 2 ρ(x, t) > −2ρ(x, t) on mutation noise. This 
306
The following results will hold in the asymptotic limit of large population 307 N , and apply only to the description at large scales. For all finite N there will 308 be a clustering length scale. Together with κ, there would be two length scales 309 in the problem and the appropriate dimensions for the coupling constant cannot 310 be uniquely determined, hence dimensional analysis cannot be applied.
311
As all terms in the Action S given by Eq. (10) appear in an exponential 312 (in Eq. (11)) they must be dimensionless. We define a wavevector κ = h scaling is not of interest in this case and we will not consider it further.
320
There is an arbitrary choice when defining the dimensions of φ and φ, pro- which the scaling dimensions of the terms is correct. We will identify the nat-
323
ural choice for our case in Section 2.6, but progress can still be made without 324 assuming a particular dimensionality of φ as some terms are irrelevant in the 325 limit κ → ∞ regardless of the dimensional assignment.
326
We will be rescaling to large κ, and hence only the highest order terms 327 in κ are 'relevant', as they will dominate the effective equation at large κ.
328
We consider D dimensionless, but introduce a coupling constant on all terms 
333
We proceed with an analysis of the dimensions of the coupling constants.
334
Performing the full Renormalisation Group analysis [4] would explicitly perform 
[a 2 φφ Hamiltonian H 0 for infinite N can be written:
Some of these terms are also present in H(ρ,ρ), but there are additional terms 347 that appear when considering the sums in Eq. (15), where we have the minimum 348 summand variables m = n = 2 in the following terms:
Hence we cannot yet truncate the exponential as all terms may be important, terms will correspond to their scaling dimension and hence we can make various 355 levels of approximation in order to capture these details. The approximate
Stochastic PDEs
359
A stochastic PDE can sometimes be obtained from the field theory by calculat- and we will find also valid for the real density ρ. 3. Eq. (30), the first order 368 correction at large but finite population for the real density ρ.
369
The complete Hamiltonian H(φ, φ) from Eq. (14) is rearranged to Eq. (19),
370
which transforms with noise via Equations (20) and (21) to:
The two noise fields η 1 (x, t) and η 2 (x ′ , t ′ ) are uncorrelated with unit variance,
372
and form the real and imaginary parts of the noise with the given magnitudes.
373
Therefore considering the full action S and taking the functional derivative with 374 respect to φ, we obtain the stochastic PDE for the complex field in the evolution 375 case: Similarly, the best possible stochastic PDE for the real density in evolution 383 is obtained from Eq. (30):
with the added constraint that ▽ 2 ρ(x, t) > −2ρ(x, t). The 'mutation noise' 385 appears because our individuals only 'move' when they reproduce, rather than 386 diffusing throughout their lifetimes. We have to introduce a cutoff in the gradi-387 ent to ensure that the mutation noise remains real.
388
Finally, we will show that only the square-root noise is 'relevant' in the 389 infinite population limit, both for the real density ρ and the complex field φ, so 390 in this case, φ = ρ. The stochastic PDE obtained in this case from Eq. (27) is:
which is the equation for a birth/death process in which individuals diffuse in 392 real space, given by Eq. (1).
393
We complete the analysis with the deduction of the dimensions of φ using ǫ 394 and hence justify our claim that d c = 2 and hence that the real space birth/death 395 process is equivalent in the infinite limit to the evolution process. is dimensionally dominated by either 'square-root' noise or diffusion de-398 pending on d, and therefore we can take the large wavelength, infinite 399 population limit and obtain the Hamiltonian for this process given by Eq.
400
(27), hence the stochastic PDE given by Eq. (34). and by combining Equations (24) and (26) 
Note the presence of the ▽ on the noise term, ensuring that this noise conserves with time after passing some minimum value in all evolution cases, because the 464 total population is not conserved. Since we disregard runs in the ensemble av-465 § The Interface Width n(x) 2 − n(x) 2 is not directly related to the standard deviation of the distribution, but rather the distribution is viewed as an interface. The Interface Width describes the 'roughness' or deviation of the distribution from a straight line.
erage where the population becomes extinct the average population size tends to increase from its initial value [7] . The starting point for diffusion is the Action for diffusing and non-interacting particles, 502 obtained from Eq. 35 in [4] for diffusing interacting particles, by setting the reaction 503 rate λ0 to zero:
Here we have also neglected terms for initial and final conditions. We first convert to 505 a real density field ρ using the methods from Section 2.3, by setting φ = ρe −ρ and 506φ − eρ. In this case the exponential terms cancel out and we are left, after integration 507 by parts, with:
The final noise term is linearised using Eq. (20) with but is of opposite sign, therefore 509 giving the linearised Action:
which on functional differentiation with respect toρ yields Eq. (37).
